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We have investigated the interplay between band inversion and size quantization in spherically
shaped nanoparticles made from topological-insulator (TI) materials. A general theoretical frame-
work is developed based on a versatile continuum-model description of the TI bulk band structure
and the assumption of a hard-wall mass confinement. Analytical results are obtained for the wave
functions of single-electron energy eigenstates and the matrix elements for optical transitions be-
tween them. As expected from spherical symmetry, quantized levels in TI nanoparticles can be
labeled by quantum numbers j and m = −j,−j +1, . . . , j for total angular momentum and its pro-
jection on an arbitrary axis. The fact that TIs are narrow-gap materials, where the charge-carrier
dynamics is described by a type of two-flavor Dirac model, requires j to assume half-integer values
and also causes a doubling of energy-level degeneracy where two different classes of states are distin-
guished by being parity eigenstates with eigenvalues (−1)j∓1/2. The existence of energy eigenstates
having the same j but opposite parity enables optical transitions where j is conserved, in addi-
tion to those adhering to the familiar selection rule where j changes by ±1. All optical transitions
satisfy the usual selection rule ∆m = 0,±1. We treat intra- and inter-band optical transitions on
the same footing and establish ways for observing unusual quantum-size effects in TI nanoparticles,
including oscillatory dependences of the band gap and of transition amplitudes on the nanoparticle
radius. Our theory also provides a unified perspective on multi-band models for charge carriers in
semiconductors and Dirac fermions from elementary-particle physics.
I. INTRODUCTION AND SYNOPSIS OF MAIN
RESULTS
Synthesis and experimental investigation of semicon-
ductor nanocrystals have been pursued with great effort
to elucidate how electronic and optical properties of such
low-dimensional systems are affected by size-quantization
effects [1, 2]. Recent advances in the fabrication of
nanoparticles made from topological-insulator (TI) ma-
terials [3–8] have created the opportunity to explore the
interplay of topological properties and quantum confine-
ment [9]. In particular, TI materials are known to host
surface states that are robust to perturbations and have
energies within the bulk band gap [10–12]. The presence
of these surface states is envisioned to enable intriguing
applications for TI-based optoelectronics [13], spintron-
ics [14, 15], and thermoelectrics [16]. As device fabrica-
tion often involves nanostructuring of the TI material, it
is necessary to understand the evolution of surface-state
properties as the TI nanomaterial’s size is reduced [17–
22]. Our theoretical description for the electronic and op-
tical properties of spherical TI nanoparticles sheds new
light on the importance and implications of quantum-size
effects in these, and related, nanostructures.
Previous theoretical studies of TI nanoparticles have
used atomistic electronic-structure calculations [23], ap-
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proximate descriptions for the surface states [24, 25], dis-
cretized versions of effective k · p models [24, 26–28],
and numerical exact diagonalization [29, 30] to discuss
excitonic properties [23], effects of interactions [29] and
disorder [27, 30], as well as the emergence of unusual
electromagnetic properties [26, 28]. Related works have
considered idealized Dirac models in curved spaces [31–
33] or subject to spherically symmetric quantum con-
finement [34, 35]. Here we obtain the exact spectrum
of quantised energies and associated quantum states for
nanoparticle confinement of charge carriers described
by a spherically symmetric version of the low-energy
continuum-model Hamiltonian for bulk TIs [36–38],
H =
(
∆0
2
+
γ
k∆
k
2
)
τz ⊗ σ0
+ γ (kz τx ⊗ σz + k− τx ⊗ σ+ + k+ τx ⊗ σ−) , (1)
comprising both pseudo-spin (τ) and real-spin (σ) de-
grees of freedom [39]. In Eq. (1), k ≡ (kx, ky, kz) = −i∇
is the operator for the single-electron wave vector, and
k± = kx ± i ky. Further details of the formalism are
discussed in Sec. II, and Table I provides the parame-
ter values applicable to a number of currently available
TI materials. We use the remainder of this Section to
present a selection of key results.
The nanoparticle confinement leads to the emergence
of quantized energies E
(n)
j for single-electron states la-
beled by the half-integer total-angular-momentum quan-
tum number j and a radial quantum number n. For
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FIG. 1. Energies E
(1)
j of quantized electron levels created from topologically protected surface states by a spherical hard-wall
mass-confinement potential with radius R. The solid blue (green, red) curve in each panel corresponds to the state with total-
angular-momentum quantum number j = 1/2 (j = 3/2, j = 5/2). Here ER = γ/R is the size-quantisation energy scale and
R0 = 2γ/|∆0| the bulk Compton length. Results shown in panel (a), (b) and (c) were obtained for fixed ∆0/(γk∆) = −1.2,
−9.5 and −2.3, respectively, which are values representative of Bi2Se3, Bi2Te3 and Sb2Te3 (cf. Table I). The thin black line
indicates the bulk-material conduction-band edge.
TABLE I. Values adopted for parameters in the spherically
symmetric effective bulk continuum-model Hamiltonian (1) to
represent currently available topological-insulator materials.
The Compton length R0 ≡ 2γ/|∆0| for bulk charge carriers
is indicative for the magnitude of the nanoparticle radius R
below which the band structure becomes topologically trivial.
γ (eVA˚) ∆0 (eV) k∆ (A˚
−1) R0 (nm)
Bi2Te3
a 2.4 −0.592 0.026 0.81
Sb2Te3
a 2.4 −0.364 0.066 1.3
Bi2Se3
a 2.2 −0.338 0.13 1.3
HgTeb 8.4 −0.303 0.09 5.5
Pb0.81Sn0.19Se
c 3.2 −0.025 0.20 26
Pb0.54Sn0.46Te
d 4.8 −0.030 & 0.25 32
a Ref. [40] (parameters averaged over spatial anisotropies)
b Refs. [41, 42]
c Ref. [43]
d Ref. [44]
large-enough nanoparticle radius R, the lowest positive-
energy levels E
(1)
j are below the bulk conduction-band
edge ∆0/2. These remnants of the topologically pro-
tected surface states of the bulk system are pushed to
higher energies as R is reduced and, one-by-one start-
ing from the largest j, disappear from the subgap energy
range. This is illustrated for the three lowest positive-
energy levels in Fig. 1, where we adopted the TI-material
Compton length R0 ≡ 2γ/|∆0| and the size-quantization
energy scale ER ≡ γ/R as natural units. The values for
∆0/(γk∆) used in the calculation of results shown in pan-
els (a), (b) and (c) are derived from band-structure pa-
rameters given in Table I for Bi2Se3, Bi2Te3 and Sb2Te3,
respectively. Clear deviations from the previously de-
termined [24, 35] asymptotic large-R behavior E
(1)
|λ| ∼(
j + 12
)
ER occur over a wider range of R/R0 for larger j
and increasing |∆0|/(γk∆). Bi2Te3 represents a case with
strong deviations in the form of large oscillations and a
steep rise in bound-state energy at the smallest values
of R/R0. The Bi2Te3 nanoparticle also exhibits gapless-
ness at two values of R/R0, and there is a finite range of
radii where the j = 3/2 level is the lowest-energy state
and thus defines the TI-nanoparticle band gap. Similar
subband inversions occur between higher-j levels. The
lowest energy level is pushed above the bulk-conduction-
band edge for R < Rc = 2.0R0 (2.6R0, 5.0R0) in the
system representing a Bi2Se3 (Sb2Te3, Bi2Te3) nanopar-
ticle, marking the transition to a nontopological band
structure. Thus although R0 sets the overall scale for
the critical radius below which the TI-nanoparticle spec-
trum becomes ordinary, the actual value of Rc is typically
several times larger.
The wave functions in position (r) space for TI-
nanoparticle-confined electrons can be written in the uni-
versal form
Ψ
(n)
jm+(r) =
Cm
2


√
j+m
j Y
m− 12
j− 12
(θ, ϕ) φ
(n)
j+↑(r)√
j+1−m
j+1 Y
m− 12
j+ 12
(θ, ϕ) φ
(n)
j−↑(r)√
j−m
j Y
m+ 12
j− 12
(θ, ϕ) φ
(n)
j+↑(r)
−
√
j+1+m
j+1 Y
m+ 12
j+ 12
(θ, ϕ) φ
(n)
j−↑(r)


, Ψ
(n)
jm−(r) =
Cm
2


√
j+1−m
j+1 Y
m− 12
j+ 12
(θ, ϕ) φ
(n)
j+↑(r)√
j+m
j Y
m− 12
j− 12
(θ, ϕ) φ
(n)
j−↑(r)
−
√
j+1+m
j+1 Y
m+ 12
j+ 12
(θ, ϕ) φ
(n)
j+↑(r)√
j−m
j Y
m+ 12
j− 12
(θ, ϕ) φ
(n)
j−↑(r)


(2)
3associated with the ordered set of basis states [36–38]
|P1+−, 1/2〉 ≡ |+ ↑〉 , −i|P2−+, 1/2〉 ≡ |− ↑〉 ,
|P1+−,−1/2〉 ≡ |+ ↓〉 , i|P2−z ,−1/2〉 ≡ |− ↓〉 . (3)
Here Y
m± 12
j± 12
(θ, ϕ) are the familiar spherical harmonics
as defined in Ref. [45], and the physically unimportant
phase factor Cm = (−1)
1
2
(
m− 12+|m− 12 |
)
has been intro-
duced to make contact with mathematical formalisms
used to describe massless Dirac fermions confined to
move on the surface of the unit sphere [31]. The functions
φ
(n)
jτσ(r) are determined by solving a radial Schro¨dinger
equation as explained in greater detail in Sec. II. Noting
that the spherical harmonics Y µ|λ| acquire a factor (−1)|λ|
under the parity transformation [45], and that the basis
states |+ σ〉 (|− σ〉) are even (odd) under parity [36–38],
the wave functions Ψ
(n)
jm±(r) are found to be parity eigen-
states with eigenvalue (−1)j∓ 12 . The angular part of the
wave functions from Eq. (2) has a structure analogous
to that exhibited by localized states in narrow-gap semi-
conductors [46, 47] and spherically symmetric solutions
of the Dirac equation [48].
The explicit form of the wave functions (2) enables
straightforward calculation of the amplitude for opti-
cal transitions between quantized electron states in a TI
nanoparticle. In Sec. III, we derive the general expression
d = e r τ0 ⊗ σ0 + eR0
2
τy ⊗ σ (4)
for the optical-dipole operator acting in 4-dimensional
envelope-function space of combined pseudo-spin (τ) and
real-spin (σ) degrees of freedom [39] describing electrons
in the TI material [49]. The optical matrix elements
d
n′j′m′κ′
n j mκ ≡
∫
d3r
[
Ψ
(n′)
j′m′κ′(r)
]†
d Ψ
(n)
jmκ(r) , (5)
for the transition from an initial state Ψ
(n)
jmκ to a final
state Ψ
(n′)
j′m′κ′ are explicitly found as
(dx ± idy)n
′j′m′κ′
n j mκ = e δm′,m±1
{
δκ′,κ
∑
ξ=±1
√[
j + 12 + ξ(
1
2 ±m)
] [
j + 12 + ξ(
3
2 ±m)
]
2j + 1 + ξ
(
∓ξRn′j′n j ± iκ
R0
2
S
n′j′,κξ
n j,−κξ
)
δj′,j+ξ
+ δκ′,−κ
√
(j ∓m)(j + 1±m)
2j(j + 1)
(
R
n′j′
n j + iκ
R0
2
[
j Sn
′j′,κ
n j,−κ + (j + 1)S
n′j′,−κ
n j,κ
])
δj′,j
}
, (6a)
(dz)
n′j′m′κ′
n j mκ = e δm′,m
{
δκ′,κ
∑
ξ=±1
√[
j + (1 + ξ)12 +m
] [
j + (1 + ξ)12 −m
]
2j + 1 + ξ
(
R
n′j′
n j − iκξ
R0
2
S
n′j′,κξ
n j,−κξ
)
δj′,j+ξ
+ δκ′,−κ
m
2j(j + 1)
[
R
n′j′
n j + iκ
R0
2
(
jSn
′j′,κ
n j,−κ + (j + 1)S
n′j′,−κ
n j,κ
)]
δj′,j
}
. (6b)
For convenience, we have introduced the abbreviation
R
n′j′
n j =
1
2
∫ ∞
0
dr r3
{[
φ
(n′)
j′+↑(r)
]∗
φ
(n)
j+↑(r) +
[
φ
(n′)
j′−↑(r)
]∗
φ
(n)
j−↑(r)
}
(7)
for the matrix element of the radial coordinate between
initial and final radial spinor wave functions from Eq. (2),
and the symbols
S
n′j′,τ ′
n j,τ =
∫ ∞
0
dr r2
[
φ
(n′)
j′τ ′↑(r)
]∗
φ
(n)
jτ↑(r) (8)
are overlap integrals of radial-wave-function components.
The dependence of matrix elements given in Eqs. (6)
on the angular-momentum quantum numbers of the ini-
tial and final states embodies selection rules for opti-
cal transitions between energy levels in TI nanoparti-
cles. For states with same-type parity (κ′ = κ), the rules
j′ − j = ±1 and m′ −m = 0,±1 are identical to those
governing atomic transitions [50]. However, there is also
a previously overlooked [35] possibility for transitions be-
tween states that are of opposite type with respect to par-
ity (i.e., κ′ = −κ), and these follow the unconventional
rule j′ − j = 0 while still adhering to m′ − m = 0,±1.
As it turns out, this unconventional type of transitions
actually determines the low-energy threshold for optical
absorption and emission in undoped TI nanoparticles.
The effect of the radial confinement on dipole-allowed
single-electron transitions in TI nanoparticles is con-
tained in the matrix elements Rn
′j′
n j and the overlap
integrals Sn
′j′,τ ′
n j,τ defined in Eqs. (7) and (8), respec-
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FIG. 2. Dependence of optical-transition amplitudes on TI-
nanoparticle size. Panel (a) [(b)] shows the magnitude of the
radial-coordinate matrix element Rn
′j′
n j
[
the overlap integral
S
n′j′,+
n j,−
]
for j′ = j′ = 1/2 and n = −1, n′ = 1, which typically
corresponds to the transition across the intrinsic nanoparticle
band gap, as a function of the nanoparticle radius R over the
range where the lowest confined electron level is still below the
bulk-band-gap edge. Here R0 = 2γ/|∆0| is the bulk Comp-
ton length, and the black solid (blue dashed, orange dotted,
purple dot-dashed) curve corresponds to ∆0/(γk∆) = −0.039
(−1.2, −2.3, −9.5,), which is the value representative of
Pb0.81Sn0.19Se (Bi2Se3, Sb2Te3, Bi2Te3).
tively. In the large-size limit R ≫ R0, we find |Rn
′j′
n j | ∼
R and |Sn′j′,±n j,∓ | ∼ 1, reflecting the surface-localized
massless-Dirac-fermion character of low-energy states in
this regime. However, as illustrated in Figs. 2(a) and
2(b), significant deviations from this expected limiting
behavior occur in the range of small-to-medium nanopar-
ticle sizes R & R0. These deviations become more siz-
able, and also occur over a greater size range, for larger
values of the TI-material parameter −∆0/(γk∆).
The remainder of this Article is structured as follows.
In Section II, the continuum-model description of 3D
topological insulators based on Hamiltonian (1) is used
to obtain the spectrum of quantized energies and asso-
ciated quantum states for a spherical hard-wall mass-
confinement potential. Here we derive the general form
of the confined-electron eigenspinors given in Eq. (2) and
also find the radial wave functions φ
(n)
jτσ(r). The formal-
ism for describing optical properties of TI nanoparticles is
developed in Section III. Transitions can be mediated by
both the envelope-function part of electron wave func-
tions and also by the Bloch-function basis states. We
treat these contributions on the same footing and find
a compact expression for a total optical-dipole operator
that subsumes both of them [Eq. (4)]. Applying the re-
sult from Secs. II and III, we obtain the optical-transition
matrix elements given in Eqs. (6). These form the basis
for discussing quantum-size effects in TI nanoparticles,
focusing especially on their ramifications for optical spec-
troscopy. Our conclusions are presented in Section IV.
II. ELECTRON STATES IN SPHERICALLY
SYMMETRIC TI NANOSTRUCTURES
Our starting point is the effective continuum-model
Hamiltonian (1), which is associated with the set of basis
states given in Eq. (3). Throughout this work, we la-
bel basis states |τ σ〉 in terms of pseudo-spin τ ∈ {+,−}
and real spin σ ∈ {↑, ↓} [51]. The parameter γ char-
acterizes the inter-band coupling, and ∆0 is the energy
gap of the bulk-TI material. The term involving k∆
quantifies remote-band contributions that also provide
a natural regularization of the leading Dirac-fermion-like
dispersion that is essential for keeping the theory well-
defined in the ultra-relativistic limit ∆0 → 0. To facili-
tate an instructive analytical treatment, the often quite
sizeable deviations from spherical symmetry and particle-
hole symmetry in the TI-material bulk dispersions are
omitted from the Hamiltonian (1), and materials param-
eters given in Table I correspond to spatial averages.
We first consider the general spherical-confinement
problem in Subsection IIA. Using a wave-functionAnsatz
involving the known eigenstates of a massless Dirac
fermion moving on the surface of the unit sphere [31],
we obtain a one-dimensional radial Schro¨dinger equation.
The latter’s solution for a hard-wall mass-confinement
potential is presented in Subsection II B.
A. Separation Ansatz and radial Schro¨dinger
equation
We envision the TI nanoparticle to be defined by a
spherically symmetric mass-confinement potential
HV = V (r) τz ⊗ σ0 . (9)
Then the electronic-bound-state Schro¨dinger equation
[H +HV ] Ψ = EΨ is most conveniently solved by de-
coupling angular and radial motions. Expressing H in
terms of the usual spherical coordinates r ≡ (r, θ, ϕ) and
using the transformation [24]
U(θ, ϕ) = τ0 ⊗ exp
(
−i ϕ
2
σz
)
exp
(
−i θ
2
σy
)
, (10)
it is straightforward to obtain
H = U(θ, ϕ)
(
H
⊥ + H‖
)
U
†(θ, ϕ) , (11)
with Hamiltonians associated with radial and angular
motion, respectively, given by
5H
⊥ =
[
∆0
2
− γ
k∆
1
r2
∂r
(
r2 ∂r
)]
τz ⊗ σ0 − i γ
(
∂r +
1
r
)
τx ⊗ σz , (12a)
H
‖ =
γ
r
[
D τx ⊗ σ+ +D† τx ⊗ σ− + 1
k∆r
(
DD† τz ⊗ pi+ +D†D τz ⊗ pi− + iD τz ⊗ σ+ − iD† τz ⊗ σ−
)]
. (12b)
Here pi± = (σ0 ± iσz)/2 are projection operators on the
eigenstates of σz in real-spin space, and the operators
D = −i
(
∂θ +
cot θ
2
− i ∂ϕ
sin θ
)
, (13a)
D† = −i
(
∂θ +
cot θ
2
+
i ∂ϕ
sin θ
)
(13b)
appear in the Dirac operator on the unit sphere [31].
The spherical mass-confinement potential HV trivially
commutes with the transformation U(θ, ϕ), i.e., HV ≡
U†(θ, ϕ)HV U(θ, ϕ) = HV . This feature, as well as the
structure of the angular-motion Hamiltonian H‖, moti-
vates the separation Ansatz
Ψ(r, θ, ϕ) = U(θ, ϕ)
eimϕ√
4pi


αλm(θ)φ|λ|+↑(r)
αλm(θ)φ|λ|−↑(r)
βλm(θ)φ|λ|+↓(r)
βλm(θ)φ|λ|−↓(r)

 , (14)
where the functions αλm(θ) and βλm(θ) are the polar-
angle-dependent entries in eigenspinors of a massless
Dirac fermion moving on a spherical shell [24, 31]. Using
the fact that they satisfy the set of relations
Dβλm(θ) = λαλm(θ) , D
† αλm(θ) = λβλm(θ) , (15a)
αλm =
(
λ
|λ|
) 1
2
α|λ|m , βλm =
(
λ
|λ|
)− 12
β|λ|m , (15b)
we obtain the radial Schro¨dinger equation[
H
⊥
|λ| + HV
]
Φ|λ|(r) = E|λ| Φ|λ|(r) (16)
for the spinor Φ|λ| =
(
φ|λ|+↑, φ|λ|−↑, φ|λ|+↓, φ|λ|−↓
)T
,
with the free radial Hamiltonian given by
H
⊥
|λ| =
{
∆0
2
+
γ
k∆
1
r2
[|λ|2 − ∂r (r2 ∂r)]
}
τz ⊗ σ0 − i γ
(
∂r +
1
r
)
τx ⊗ σz + γ
r
|λ|
(
τx ⊗ σx − 1
k∆r
τz ⊗ σy
)
. (17)
As previously discussed, e.g., in Ref. [31], |λ| is re-
lated to the half-integer eigenvalue j of total angular
momentum J ≡ (L+ ~2 σ) via |λ| = j + 12 and there-
fore must be a nonzero integer. The quantum numbers
m = −j,−j + 1, . . . j are the eigenvalues of the angular-
momentum projection and, thus, also assume half-integer
values. With this additional insight, solution of the ra-
dial Schro¨dinger equation (16) can proceed for any spe-
cific potential V (r). Because of the one-to-one correspon-
dence between values of |λ| and j, we can use both in-
terchangeably as labels for radial spinor wave functions;
Φ|λ|(r) ≡ Φj(r), and its components φ|λ|τσ(r) ≡ φjτσ(r).
In the following Subsection II B, we consider the special
case of a hard-wall confinement. Using results obtained
there as input, the electronic eigenstates are found to be
of the form
Ψ
(na)
λm (r) = U(θ, ϕ)
eimϕ√
4pi




αλm(θ)
0
i βλm(θ)
0

φ(na)j+↑ (r) +


0
αλm(θ)
0
−i βλm(θ)

φ(na)j−↑ (r)

 , (18a)
Ψ
(nb)
λm (r) = U(θ, ϕ)
eimϕ√
4pi




αλm(θ)
0
−i βλm(θ)
0

φ(nb)j+↑ (r) +


0
αλm(θ)
0
i βλm(θ)

φ(nb)j−↑ (r)

 . (18b)
Here na and nb are the radial-quantum-number labels for two sets of energy levels arising from two distinct secular
6equations. Adapting the approach presented in Ref. [31],
it is possible to express the wave functions (18a) and
(18b) in terms of spherical harmonics. This yields the
results presented in Eq. (2) above, where
Ψ
(n)
λm(r) ≡ Ψ(n)jm+(r) for n ∈ {na} and λ > 0
or n ∈ {nb} and λ < 0 , (19a)
Ψ
(n)
λm(r) ≡ Ψ(n)jm−(r) for n ∈ {na} and λ < 0
or n ∈ {nb} and λ > 0 . (19b)
Our route to obtain (2) via the Ansatz (14) is inspired
by a particular way of solving the Dirac equation on a
spherical shell [24, 29, 31], but this method is far from
unique. An equivalent radial Schro¨dinger equation and
eigenstates having the same angular-coordinate depen-
dences as those in (2) should transpire, e.g., from writing
Ansa¨tze for eigenstates of the original Hamiltonian (1)
in terms of spinor spherical harmonics [52] and applying
the mathematical identities satisfied by them [53].
B. Solution of the radial Schro¨dinger equation for
a hard-wall mass confinenment
Solution of the radial Schro¨dinger equation (16) for
a hard-wall mass confinement defining a TI nanoparti-
cle with radius R requires obtaining eigenstates of H⊥
j+ 12
from Eq. (17) and forming linear combinations of these
for fixed energy E that satisfy the hard-wall boundary
condition at r = R. The secular equation associated
with the linear system of equations for the superposition
coefficients yields the bound-state energies.
There is a set of propagating-wave-like eigenstates for
H⊥
j+ 12
that have the general form
Φ
(D)
j,a (r) =


jj− 12 (k r)
i γk jj+ 12 (k r)
i jj− 12 (k r)
γk jj+ 12 (k r)

 , (20a)
Φ
(D)
j,b (r) =


jj+ 12 (k r)
−i γk jj− 12 (k r)
−i jj+ 12 (k r)
γk jj− 12 (k r)

 , (20b)
where jν(·) are spherical Bessel functions of the first
kind [54] (not to be confused with the quantum number j
of total angular momentum), k > 0 is a real number, and
normalization factors have been omitted because they get
absorbed into the coefficients in the bound-state linear
combination. The energy eigenvalues are given by
E˜
(D)
± (k) = ±
√
k˜4 +
(
1 + ∆˜0
)
k˜2 +
∆˜20
4
, (21)
and the parameter entering corresponding eigenspinors
can be found from the general expression
γk = sgn(E)
√
2E˜ − ∆˜0 − 2k˜2
2E˜ + ∆˜0 + 2k˜2
. (22)
Here we started using natural units for energies and
wave numbers via the definitions k˜ = k/k∆ and E˜ =
E/(γk∆). The particular form of the eigenstates given
in Eqs. (20) is reminiscent of confined-Dirac-particle
states [22, 34, 55]. The absence of spherical Bessel func-
tions of the second kind from the wave-function Ansatz
(20) is dictated by the necessity of wave functions to be
well-behaved at r = 0.
There exists another set of eigenstates for H⊥
j+ 12
that
are evanescent in character;
Φ
(B)
j,a (r) =
1√
q r


γ¯q Ij(q r)
i Ij+1(q r)
i γ¯q Ij(q r)
Ij+1(q r)

 , (23a)
Φ
(B)
j,b (r) =
1√
q r


−γ¯q Ij+1(q r)
−i Ij(q r)
i γ¯q Ij+1(q r)
Ij(q r)

 , (23b)
where the spinor entries are modified spherical Bessel
functions of the first kind [54], and q > 0 is real. The
associated energy eigenvalues are
E˜
(B)
± (q) = ±
√
q˜4 −
(
1 + ∆˜0
)
q˜2 +
∆˜20
4
, (24)
and
γ¯q =
√
2q˜2 − ∆˜0 − 2E˜
2q˜2 − ∆˜0 + 2E˜
. (25)
The consideration of such evanescent free-particle eigen-
states in the context of BHZ-type model Hamiltoni-
ans [17, 56] is required for mathematical consistency, but
their physical significance is limited [57–59].
Having determined the eigenstates of H⊥
j+ 12
, we can
make an Ansatz for the wave function of hard-wall-
confined electrons in the TI nanoparticle in the form of
superpositions
Φ
(n)
j (r) = c
(D)
n,j,aΦ
(D)
j,a (r) + c
(B)
n,j,aΦ
(B)
j,a (r)
+ c
(D)
n,j,bΦ
(D)
j,b (r) + c
(B)
n,j,b Φ
(B)
j,b (r) (26)
of such eigenstates for fixed energy E and require that
the boundary condition Φ
(n)
j (R) = 0 is satisfied. The
associated system of linear equations for the coefficients
c
(D,B)
n,j,a/b has nontrivial solutions only if one of the secular
equations
γk γ¯q =


Ij+1(qR)
Ij(qR)
j
j− 1
2
(kR)
j
j+ 1
2
(kR) case a,
− Ij(qR)Ij+1(qR)
j
j+ 1
2
(kR)
j
j− 1
2
(kR) case b,
(27)
7is fulfilled. In Eq. (27), the quantities k, q, γk and γ¯q are
functions of E, given explicitly by [60]
k˜ =
[
1
2
(√
(1 + ∆˜0)2 + 4E˜2 − ∆˜20 − 1− ∆˜0
)] 1
2
, (28a)
q˜ =
[
1
2
(√
(1 + ∆˜0)2 + 4E˜2 − ∆˜20 + 1 + ∆˜0
)] 1
2
, (28b)
γk = sgn(E˜)

2E˜ −
√
(1 + ∆˜0)2 + 4E˜2 − ∆˜20 + 1
2E˜ +
√
(1 + ∆˜0)2 + 4E˜2 − ∆˜20 − 1


1
2
,
(28c)
γ¯q =


√
(1 + ∆˜0)2 + 4E˜2 − ∆˜20 + 1− 2E˜√
(1 + ∆˜0)2 + 4E˜2 − ∆˜20 + 1 + 2E˜


1
2
. (28d)
Solution of Eq. (27) for cases a and b yields associated
series of quantized energy values E
(na)
j and E
(nb)
j , respec-
tively. By construction, these satisfy
∣∣E(na/b)j ∣∣ ≥ |∆0|/2.
The coefficients in the superposition (26) of correspond-
ing bound states are straightforwardly found to be
c
(D)
na,j,a
= Nna,j , c
(B)
na,j,a
= Nna,j ξna,j,a ,
c
(D)
na,j,b
= c
(B)
na,j,b
= 0 , (29a)
c
(D)
nb,j,b
= Nnb,j , c
(B)
nb,j,b
= Nnb,j ξnb,j,b ,
c
(D)
nb,j,a
= c
(B)
nb,j,a
= 0 , (29b)
with normalisation factors Nna/b,j and the parameters
ξna,j,a = −
γk
√
qR jj+ 12 (kR)
Ij+1(qR)
∣∣∣∣∣
E=E
(na)
j
, (29c)
ξnb,j,b = −
γk
√
qR jj− 12 (kR)
Ij(qR)
∣∣∣∣∣
E=E
(nb)
j
. (29d)
Motivated by the well-known [17, 22, 56, 61] existence
of evanescent states having |E| < |∆0|/2 in the topo-
logical regime [62] where ∆0 < 0, we consider also the
modified Ansatz
Φ
(n)
j (r) = c
(P)
n,j,aΦ
(P)
j,a (r) + c
(B)
n,j,aΦ
(B)
j,a (r)
+ c
(P)
n,j,bΦ
(P)
j,b (r) + c
(B)
n,j,bΦ
(B)
j,b (r) , (30)
which is obtained by replacing the propagating-wave-like
part c
(D)
n,j,a/b Φ
(D)
j,a/b(r) in Eq. (26) by c
(P)
n,j,a/bΦ
(P)
j,a/b(r) with
the evanescent-wave spinors [63]
Φ
(P)
j,a (r) =
1√
k¯ r


Ij(k¯ r)
−i γ¯k¯ Ij+1(k¯ r)
i Ij(k¯ r)
−γ¯k¯ Ij+1(k¯ r)

 , (31a)
Φ
(P)
j,b (r) =
1√
k¯ r


i Ij+1(k¯ r)
γ¯k¯ Ij(k¯ r)
Ij+1(k¯ r)
i γ¯k¯ Ij(k¯ r)

 . (31b)
The energy-dependent parameters entering Eqs. (31) are
˜¯k =
[
1
2
(
1 + ∆˜0 −
√
(1 + ∆˜0)2 + 4E˜2 − ∆˜20
)] 1
2
, (32a)
γ¯k¯ = sgn(∆0)


√
(1 + ∆˜0)2 + 4E˜2 − ∆˜20 − 1− 2E˜√
(1 + ∆˜0)2 + 4E˜2 − ∆˜20 − 1 + 2E˜


1
2
.
(32b)
Imposing the hard-wall boundary condition at r = R
yields the secular equations
− γ¯k¯ γ¯q =


Ij+1(qR)
Ij(qR)
Ij(k¯R)
Ij+1(k¯R)
case a,
Ij(qR)
Ij+1(qR)
Ij+1(k¯R)
Ij(k¯R)
case b.
(33)
The coefficients in the Ansatz (30) involving only evanes-
cent eigenstates of H⊥
j+ 12
are
c
(P)
na,j,a
= N¯na,j , c
(B)
na,j,a
= N¯na,j ξ¯na,j,a ,
c
(P)
na,j,b
= c
(B)
na,j,b
= 0 ,(34a)
c
(P)
nb,j,b
= N¯nb,j , c
(B)
nb,j,b
= N¯nb,j ξ¯nb,j,b ,
c
(P)
nb,j,a
= c
(B)
nb,j,a
= 0 ,(34b)
with the parameters
ξ¯na,j,a = γ¯k¯
√
q
k¯
Ij+1(k¯R)
Ij+1(qR)
∣∣∣∣
E=E
(na)
j
, (34c)
ξ¯nb,j,b = −i γ¯k¯
√
q
k¯
Ij(k¯R)
Ij(qR)
∣∣∣∣
E=E
(nb)
j
. (34d)
The general form (14) of TI-nanoparticle bound-state
wave functions, together with the Ansa¨tze (26) and (30)
[using also (20), (23), and (31)] implies that the electron
eigenstates in TI nanoparticles can be written as given in
Eqs. (18a) and (18b). These expressions form the basis
for deriving Eq. (2), which is one of the main results of
this work. We use the general convention where energy
levels for fixed j have labels n such that E
(n′)
j > E
(n)
j for
n′ > n and n > 0 (n < 0) if E
(n)
j > 0
(
E
(n)
j < 0
)
. In ad-
dition to the quantized energies among any fixed-j series
that arise as solutions of the secular equations (27), (33)
yields two more bound-state levels with energies within
the bulk-material band gap when ∆0 is negative and j
below an R-dependent critical value jc. For large R, jc
is also large, and the many solutions of (33) correspond
to the topologically protected surface states of a bulk-
TI material. Reducing R successively eliminates such
8solutions for higher j. Eventually, at R = Rc, the en-
ergies of the j = 1/2 sub-gap bound states are pushed
beyond ±|∆0|/2 and the TI-nanoparticle spectrum be-
comes non-inverted. Figure 1 illustrates this general be-
havior. Assuming qR ≫ 1 (which is typically satisfied)
and ∆0/(γk∆) > −1/2 (which can be violated in existing
materials), we find the analytical expressions
jc =
⌊√
1 +
∆0
γk∆
R
R0
− 1
⌋
, (35a)
Rc =
3
2
R0√
1 + ∆0/(γk∆)
. (35b)
III. OPTICAL TRANSITIONS BETWEEN
BOUND STATES IN TI NANOPARTICLES
Optical spectroscopy provides a useful tool to study
the electronic structure of semiconductor nanomateri-
als [64, 65], including single nanoparticles [66] and their
ensembles [67]. In the following, we explore how the spe-
cial properties of TI nanoparticles are manifested in their
optical spectra. We start by discussing the general theo-
retical approach for treating confined multi-band systems
and then focus on our particular system of interest.
Electron states in the TI nanoparticle have the form
|Ψ(n)jmκ(r)〉 =
∑
τσ
[
Ψ
(n)
jmκ(r)
]
τσ
|τ σ〉 , (36)
where the |τ σ〉 are the band-edge basis functions [36–38]
listed in Eq. (3), and
[
Ψ
(n)
jmκ(r)
]
τσ
denote entries in the
envelope-function spinor Ψ
(n)
jmκ(r) given in Eq. (2). Opti-
cal transitions of electrons in this system are mediated by
the dipole matrix element, which is most generally given
as the sum of two contributions [68];
d
n′j′m′κ′
n j mκ = D
n′j′m′κ′
n j mκ +B
n′j′m′κ′
n j mκ , (37)
where
D
n′j′m′κ′
n j mκ =
∑
τσ
∫
d3r
[
Ψ
(n′)
j′m′κ′(r)
]∗
τσ
e r
[
Ψ
(n)
jmκ(r)
]
τσ
(38)
is the dipole matrix element for the envelope part of the
electronic wave functions (e is the electron charge), and
B
n′j′m′κ′
n j mκ =
∑
ττ′
σσ′
F
n′j′m′κ′τ ′σ′
n j mκ τ σ d
τ ′σ′
τ σ (39)
contains the contributions of dipole matrix elements
d
τ ′σ′
τ σ ≡ 〈τ ′σ′|e r|τσ〉 between band-edge basis states,
which are renormalized by the form factors
F
n′j′m′κ′τ ′σ′
n j mκ τ σ =
∫
d3r
[
Ψ
(n′)
j′m′κ′(r)
]∗
τ ′σ′
[
Ψ
(n)
jmκ(r)
]
τσ
.
(40)
When optical properties of wide-band-gap semicon-
ductor materials are discussed, the basis-function-related
contributions Bn
′j′m′κ′
n j mκ are understood to represent ‘in-
terband’ transitions [64] occurring between states from
the valence and conduction bands. In contrast, the
envelope-function contributions Dn
′j′m′κ′
n j mκ in such sys-
tems are referred to as ‘intraband’ or ‘intersubband’ be-
cause they involve initial and final states that are size-
quantized levels deriving from the same (either conduc-
tion or valence) band. In our present case of interest,
these two types of contributions to the optical matrix el-
ement cannot be neatly classified as either ‘interband’ or
‘intraband’ anymore, as the amplitude of every possible
transition will be influenced significantly by both [35].
The fundamental relationship [64] between optical ma-
trix elements for band-edge basis functions and linear-in-
k terms in the k · p Hamiltonian Eq. (1) implies
d
τ ′σ′
τ σ = τ
i e
∆0
(∇kH |k=0)τ
′σ′
τ σ , (41)
where we use the notation (O)τ
′σ′
τ σ to indicate matrix ele-
ments of an operator O acting in k ·p space. Using (41),
we can conveniently rewrite the basis-function contribu-
tion to the optical dipole matrix element as
B
n′j′m′κ′
n j mκ ≡
eR0
2
∫
d3r
[
Ψ
(n′)
j′m′κ′(r)
]†
τy ⊗ σ Ψ(n)jmκ(r) .
(42)
Together with (38), we can thus express the total dipole
matrix element for optical transitions entirely within
envelope-function space as shown in Eq. (5), with the
operator d given in Eq. (4). A straightforward calcula-
tion yields the general expressions presented in Eqs. (6).
Results from Sec. II imply that in-gap bound states
from the case-a series have eigenenergies with equal mag-
nitude but opposite sign as those of the case-b series.
Each of these levels is degenerate in the parity-related
quantum number κ. Hence, in an undoped TI nanopar-
ticle, optical transitions can occur between the opposite-
energy eigenstates, and the energy cutoff for photon ab-
sorption and emission via single-electron transitions is
given by the TI-nanoparticle band gap 2 × min{E(1)j }.
Such single-particle transition will dominantly determine
the optical properties of nanoparticles with sizes smaller
than the charge-carriers’ Bohr radius [69].
IV. CONCLUSIONS AND OUTLOOK
We have solved analytically the quantum-confinement
problem of charge carriers in spherical nanoparticles
made from topological-insulator (TI) materials, extend-
ing previous results [24, 35]. The mathematical formal-
ism employed in our study unifies related multi-band
descriptions of semiconductor nanocrystals [46, 47] and
confined Dirac fermions [31, 34, 35, 55]. Compact tran-
scendental secular equations are obtained for the energies
9of both ordinary [i.e., deriving from linear combinations
of propagating bulk states; cf. Eq. (27)] and topologi-
cal [i.e., confined intrinsic surface states; cf. Eq. (33)]
bound-state levels. Explicit results for the size depen-
dence of topological-bound-state sub-gap energies cal-
culated using parameters applicable to real materials
are shown in Fig. 1. Significant deviations from pre-
viously derived [24, 35] asymptotic expressions arise al-
ready for not-so-small values of R/R0, where R and R0
are the nanoparticle radius and the bulk-material Comp-
ton length, respectively.
A universal form of the envelope-wave-function spinors
for TI-nanoparticle bound states in terms of spherical
harmonics is presented in Eq. (2). These states are la-
beled by the half-integer quantum numbers for total an-
gular momentum (j) and its projection onto an arbi-
trary axis (m), as well as a two-valued quantum number
κ = ±1. States with fixed j, m and κ are also eigenstates
of parity with eigenvalue (−1)j−κ2 .
We considered optical transitions between single-
electron bound states in a TI nanoparticle via the con-
ventional [64] electric-dipole coupling. Our approach de-
scribes both envelope-function- and basis-state-mediated
transitions via a compact optical-dipole operator in
envelope-function space [cf. Eqs. (4) and (5)], and general
analytical results are obtained for the transition matrix
elements [Eqs. (6)]. In addition to the previously dis-
cussed [35] transitions between levels where j′ − j = ±1,
we also identify possible transitions where j′−j = 0. The
latter were not identified in Ref. [35], and their influence
on the suggested schemes [35] for employing TI nanopar-
ticle states in quantum information processing still needs
to be investigated. The possibility to conserve total an-
gular momentum in an optical transition arises because
there exist TI-nanoparticle bound states at any given j
that have opposite parity. For such a pair of states [cf.
Eq. (2)], corresponding spinor entries have orbital an-
gular momentum differing by one unit, as required for
accommodating a photon’s angular momentum.
The effect of the nanoparticle size on optical transi-
tions is contained in the radial-wave-function overlap in-
tegrals given in Eqs. (7) and (8). Their size dependence
for the lowest subgap-energy bound state is illustrated
in Fig. 2. For R ≫ R0, the envelope-function contri-
bution to the transition matrix element is ∝ R, reflect-
ing the surface-localized character of these states in this
limit. However, significant deviations from this expected
behavior occur already from R ∼ 10R0 for typical mate-
rials, and also the basis-state contribution starts to be-
come relevant within this size range. These results pro-
vide a useful illustration for how size quantization affects
surface-state-related electronic and optical properties in
TI nanoparticles.
Our theoretical approach is based on the envelope-
function continuum-model description for the TI band
structure [36–38]. The mathematical structure of this
formalism necessitates inclusion of fast-decaying wave-
function contributions representing the influence of re-
mote bands [those given in Eqs. (23)] whose influence
on observable physical quantities needs to be inter-
preted with caution [57–59]. Typically, the leading wave-
function contributions [cf. Eqs. (20) and (30)] dominate
the system’s low-energy physics. However, in confined TI
materials with large values of |∆0|/(γk∆), we find con-
tributions from both types of evanescent states [(30) and
(23)] to the sub-gap bound-state wave functions to be rel-
evant on comparable length scales, signaling the impend-
ing breakdown of the continuum-model approach. Nev-
ertheless, qualitative trends exhibited in size-dependent
physical properties are expected to be accurate even rel-
atively close to this extreme limit. Thus our approach
serves as a useful tool for modeling the effect of quan-
tum confinement in TI nanoparticles, especially as long
as atomistic band-structure calculations [70] can be per-
formed only for very small systems [5, 40]. Results pre-
sented here also provide an interesting reference point
for understanding size-quantization effects in other TI
nanostructures such as cylindrical quantum dots [71] or
nanowires with finite [72] and infinite length [73–75].
In future work, the obtained single-particle wave func-
tions for TI-nanoparticle bound states could serve as in-
put to discuss many-body effects due to Coulomb interac-
tions. In particular, exploring the properties of excitons
would be of interest in the context of optical properties of
TI nanoparticles [23]. The multi-band spinor structure of
charge carriers’ quantum states should result in a form-
factor renormalization of the Coulomb-potential matrix
element similar to previously considered situations [76].
Interesting properties associated with two-particle states
of Dirac-like carriers [77, 78], e.g., the recently predicted
existence of an internal angular momentum of the ex-
citon [79], could be elucidated in greater detail. Early
numerical studies [23] can serve as a benchmark for eval-
uating the accuracy of approximate analytical results.
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